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Let V" = [v 1 , •.• , v,,] be the n-dimensional space of coordinate functions on a set
of points vc ~n, where v is the set of vertices of a regular convex polyhedron. In
this paper it is demonstrated that the Fourier projection F is minimal from C(v)
onto Vn . As a corollary, F is used to compute the absolute projection constant of
any n-dimensional Banach space En isometrically isomorphic to Vn C C(v), exam-
ples of which are the well-known cases En = r;;, l~. ( 1986 Academic Press. Inc.

I. INTROLJUCTION

Let e = el ,... , en be a basis for an arbitrary n-dimensional Banach space
En with norm II . II. Then En =([e], II . II)~ (isometrically isomorphic)
V n = ([v], II . II cxJ, where v = VI, ... , V n is the n-tuple of coordinate functions
for a minimal set of points ii in IR" defined by II a . ell = II a . v II ex; , Va =
a I,.", an E [R". Then the norm of an "absolute" minimal projection Pmin(E,,)
from C(ii) onto V" (the norm is computed from the "Lebesgue function" of
P min) is the absolute projection constant A(E,,) of En.

In this note we will show that when En is a regular polyhedral space
(e.g., n and l'~), then we can take P min(En) to be the Fourier projection
F=(t/llvIII~n::;'~lvi®vi' where <vi,Vj>2=bijllvlll~, I~i,.i~n; here
<I, g) 2 = Svig d).l, where ).l is the unique normalized uniformly dis
tributed measure on i5 and F(f)=(t/llvIIIDL7~I<.f,Vi)Vi. This result
unifies and clarifies the results of [4] and [7] where the projection con
stants are obtained via projections whose connection with the Fourier pro
jections is not at all immediately apparent.

The motivation for examining the Fourier projection in the above con
text comes from the form of Pmin discussed in [I, 2] (note also [3]). There
it is demonstrated that u = (ext IVi I) I )V(2) is a fundamental solution for the
variational (* )-equation for P min where V(I) = vA 1/2 and V(2) = vA for some
n x n matrix A of the form A = BB' where we write A 1/2 = B. (The constants
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c, c, and cp in [1] have since been determined in [2] to be zeros; further,
any linear combination of fundamental solutions u is also a solution of
(*).) But in the case of a regular polyhedral space, the choice of A = I (the
identity matrix) yields the maximum number of global maxima for v(l) on
which the measure ext Iv( I) I can be supported. This observation and the
symmetry of vlead us to examine the solution u = /lV. When we do, we find
that this solution is the Fourier projection, since we can show that the
coordinate functions {Vi} 7~ I are biorthogonal, and furthermore we find
that it is minimal by comparing its norm to that of [4].

2. MAIN RESULTS

Let v = {Vi }7= I be the set of k vertices of a regular polyhedron in IRn, and
let Vn = Vn(v) = [VI, .. , vn] be the associated n-dimensional polyhedral
space. vj E IRk is the jth coordinate function on v, i.e., vji = v j ( v;) = Vij'
1~ i ~ k, 1~ j ~ n. The set v is invariant with respect to the group G of
automorphisms induced by the regular polyhedron, yielding a subgroup of
permutations of v.

Remark 1. For n > 4 there exist only 3 regular polyhedra, namely the
balls of I~ and I';;' (giving rise to the well known spaces I';;' and I~, respec
tively, for which the projection constants are known [7]) and the regular
tetrahedron of the following theorem.

THEOREM 1. Let v be the set of n + 1 vertices of the regular tetrahedron

Tn in IRn. Then F= (1/11 VI lID :L7= I Vi ® Vi is a projection (the Fourier projec
tion) of minimal norm from C(v) onto Vn = [VI"'" vn] and ).( VI!) =

II FII = 2nl(n + 1).

Proof We can obtain the coordinate functions Vi"'" vn and
demonstrate that they are biorthogonal by induction as follows. First, for
n = 1 clearly vP) = (1, -1) and then for n ~ 2, the coordinate functions
((n + 1)-tuples) for v are given inductively as follows:

1 1Vln ) = 1 -- --
n n n'

where rn =~/n. Thus, assuming by the induction hypothesis that
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<v(n-I) v(n-J»=O l~i.4.J·~n-landthat"n v(n-J)=O I~i~n-I
I ,) , ~ I -....;:: ~J = 1 lJ ,,",,,,, """ ,

we see immediately that <v~n), vLn) = 0, 2 ~ i # k ~ n, but also <vln), vLn» =
- (rn/n) LJ~ J VLn_-l~) = 0 for 2 ~ k ~ n. Thus vln>, ... , v~n) are pairwise
orthogonal. Further by induction <vln), vln» = (n + I )/n, 1~ i ~ n. We con
clude that F is indeed a projection and we now calculate II FII to be
2n/(n + 1) as follows. By symmetry

IIFII = sup IIFfllx = sup (F/)1
Ilfllx ~ 1 Ilfll" ~ 1

n= sup --<f, v\n»v\,;)
I1fl1x~ln+1

=_n_(1 +~ + ... +~) I=~.
n+1 n n n+1-----n-times

Thus F is a minimal projection, since A( Vn ) = n~ I' by [4 J. I
Theorem 2 below is checked by comparing the easily computed norm of

the Fourier projection with the results of [6J and [7].

THEOREM 2. For n = 2, let v be the set of k vertices of the regular
polyhedron 7rk in 1R 2

• Then Pmin: C(V) --> V2 is the associated Fourier projec
tion F and

and a(k) = a(2k) if k is odd.

4 7r
-cot
k k

4 7r
-csc
k k

if k = 41

if k = 2m #4/;

THEOREM 3. Let vbe the set of 2n vertices of the hypercube (the ball of
l':n in W (whence I~=:::: Vn). Then F=(1/llvJII~)L7=1 Vi®V i is a projection
(the Fourier projection) from C(v) onto Vn, and A(Vn)=A(l~)= IIF11 =
(2k -1) r(k - mv0cr(k) if n = 2k or 2k-1.

Proof Let vi=vilvi2'''Vi2n, I ~i~n be the coordinate 2n -tuples (all
entries ± 1) and without loss let Vii = I for all i. Let y = 1/11 vIII~. Then the
{Vi }7~ I are easily seen (e.g. by induction) to be biorthogonal and
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IIFII= SUp IIFfll= SUp (FfL
1I/IIx ~ 1 11/11", ~ I

n n

= SUp 'II <f,vi)vil = sup 'II <f,vi )
II f II x ~ I i ~ I II I II x ~ I i ~ 1

n 2n 2n n

= SUp 'I I I fkvik = sup 'I I fk I Vik
111II x ~ 1 i ~ 1 k ~ 1 II f IIx ~ I k ~ 1 i ~ I

But now there are 2(0) ways that IL7~ I V ik I = n, 2m ways that
IL7~ I Vik 1= n - 2, 2(~) ways that IL7~ I Vik 1= n - 4, etc. Thus since 'I =
IlvIII~=2-n

where r = (n - 1)/2 and s = 1 if n is odd, and r = (n/2) - 1 and s = 2 if n is
even. Using simple identities, one sees that this answer coincides with that
of [7], and thus F is minimal.

THEOREM 4. Let v be the set of n vertices in the first "octant" of the
octahedron (the ball of I~) in IRn (whence Ie;: ~ Vn)' Then F =
(1/11 VI lID L7~ I Vi (8) Vi is a projection (the Fourier projection) from C(v) onto
Vn , and A(Vn ) = A(le;:) = IIFII = 1.

Proof It is immediate to check that F is an interpolating projection of
norm 1. I

Remark 2. If n = 3 there are 2 regular convex polyhedra other than I~,

Ie;:, Tn and if n = 4 there are 3 such other (see [5]).
We have thus far demonstrated that the Fourier projection is minimal

except for these 5 special cases.

THEOREM 5. Let vbe the set of vertices of anyone of the 5 special cases
of Remark 2. Then F=(1/llvIIIDL7~1Vi (8) Vi is a projection (the Fourier
projection) from C(v) onto Vn . In fact in the case n=3,for the icosahedron
A(V3 )=(1+J5)/2 and for the dodecahedron A(V3 )=0.3(3+J5). In the
case n = 4, for the polyhedron with 24 vertices ;.( V4 ) = i, for the polyhedron
with 120 vertices ;.( V4 ) = (6J5 + 11 )/15, and for the polyhedron with 600
vertices A( V4 ) = (9J5 + 22)/25.

Proof Each of these cases is established separately by checking that F
is indeed a projection and that II FII = A(Vn), where A(Vn) is obtained in
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[4]. In the interest of space we will demonstrate this here for only one
case, namely that of the the icosahedron. All the other cases can be checked
similarly (although the cases of 120 vertices and 600 vertices are quite
tedious) and have been checked by the author.

Let VI' V 2 , V 3 be the coordinate functions of the icosahedron, its 12 ver
tices appropriately positioned so that we have (where r = (J'S + 1)/2)

VI V2 VJ V4 Vs i\ V7 V8 V9 VIO VII V12

VI 0 0 0 0 1 1 -1 -1 T -T -T

L'2 -T -T 0 0 0 0 1 -1 1 -1

V3 -1 -1 -T T -T 0 0 0 0

Then check directly that (v;,vi)=O, l:(i#j:(3 and that (v;,v;)=
4 + 4r 2 = y, i = 1, 2, 3. Then by symmetry

II FII = sup IIFfl1 = sup (Ff)9
II III,· ~ I II I II x ~ I

= .sup [~(fs + j~ - f7 - fs + rf9 + rflO - rfll - rfl2)r
II f Ilx ~ 1 Y

+ ~ (rfl + rf2 - r f3 - r f4 + f9 - .flO + fl I - f12) 1]
y

1
= sup - [ r (fl + f2 - j~ - .f4 + fs + f6 - f7 - fd + (r2+ 1)(f9 - 112)

IIIh ~ I Y

+ (r2- 1)(.f1O - fld]

8r + 2(r 2+ 1) + 2( r 2- 1) J'S + I .
= = =A(V3 )

Y 2

from [4]. I
Remark 3. Since in [4] there are two different minimal projections for

the case of the dodecahedron, we point out that the Fourier projections
while minimal are not necessarily unique for regular polyhedral spaces.
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